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Abstract—The method for estimating the efficiency factors proposed by Temkin for a multicomponent reac-
tion described by a single stoichiometric equation is extended to reactions described by several stoichiometric
equations. The proposed approach makes it possible to find the efficiency factors of key substances by solving
aset of nonlinear equations. The capabilities of the method areillustrated using the reaction of steam reforming

of methane as an example.

Temkin [1] proposed a simple method for estimat-
ing the efficiency factor for a porous heterogeneous cat-
alyst for the case when the reaction occurs viaa single
stoichiometric equation. The goal of this work is to
extend the method to reactions described by severa
independent stoichiometric equations.

According to[1], the stoichiometric equation can be
described in the form

0= ibiBiv (D

i=1

where B; are the substances participating in the reac-
tion; by are the stoichiometric coefficients, which are
positive for the products and negativefor theinitia sub-
stances; and mis the number of substances participat-
ing in the reaction.

The rate of such a reaction w is positive in the
absence of diffusion control, and the rate of formation
of each substance participating in the reaction is
described by the formula

w;, = bw. 2)

The values of w; are negative for the initial sub-
stances and positive for the products. The reaction rate
refers to the unit volume of the catalyst grain. The fol-
lowing assumptions were made when carrying out cal-
culations: (1) the effective coefficient of diffusion of
each reaction participant does not change over the cat-
alyst grain and (2) the catalyst grains are spherical with
the same radius a.

To determine the efficiency factor, one should know
the dependence of the reaction rate on the concentra-
tions of reaction participants. In [1], the problem was
solved using an approximation that the reaction rate

inside the grain linearly depends on the concentration
of al components of the reaction mixture:

—(C)al, 3

where w and C; are the reaction rate and the concentra-
tion of B; at a certain distance from the center of the

grain (r < a); w,, (C),, and LN are the values of the

[hC| D
reaction rate, the concentration of B;, and the derivative

— atr = a, that is on the grain surface. (Henceforth,

subscript a means that the value refers to the case of r
equal to a.)

Formula (3) is approximate because it does not
include further terms of expansion in a series of w over
powers of [C, — (C)),]. The closer the efficiency factor to
unity, the more accurate the estimate.

The diffusion flow of any substance through the
sphere with radiusr in the catalyst grain is equal to the
amount of substance formed inside the sphere. Taking
into account Eg. (2), we obtain

r

—ATTr D* dc _ bJ’4Ttr wdr, 4)

where D} isthe effective diffusion coefficient of B; in
the catalyst grain and r is the distance from the grain
center. The flow is negative for initial substances and
positive for the products.

It follows from (4) that, with a change in the radius
fromrtor +dr,
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D* D!
b —dC, = b dC 5)

Equation (5) was called diffusional stoichiometry
[1] and it is correct for any r < a. This equation can be
integrated:

D} b;
C—-(G I[C; -
1 ( I)a D* [

=(Cpal- (6)

Upon substitution of Eq. (6) into Eq. (3), we obtain

*h
w = w,———[C; - (C)),, (7)
where
bi pwr
h* = _Z D,*Q)CDa ®

Theminussignin Eq. (8) isnecessary for the condi-
tion h? > 0 (this condition isfulfilled if the reaction rate
inside the grain is lower than on the grain surface).

The differentiation of (4) over r gives us equations
for the concentration of each reaction participant:

d’C, 2dC, bw _
a ra or 0 ©
The boundary conditions are
C=(C),ar=aand %—Cr—i:Oatrzo. (120)

This equation is solved in elementary functionsif w
is alinear function of C; (Eq. (7)). A solution that ful-
fills boundary conditions (10) at h> > Q'is

bw, bw, a(ehr _e_hr)
Ci = Ci a+ - a _ha (11)
(<) D*h?> D*h’r(e™—e™)
andat h? <0,
. 2
C = (C).+ bw, byw,asin(r./-h") (12)

Dyh® D}h*rgin(al—h?)

An efficiency factor for substance B; is the ratio of
the averagerate of formation of thissubstanceinagrain
to the rate of formation in the absence of diffusion con-
trol. The following formula corresponds to this defini-
tion:

a

I At *widr

ni =% :
——

(13)
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If the reaction occurs via a single stoichiometric
equation, the efficiency factor for a substance coincides
with the standard efficiency factor.

For the case when h? > 0 we obtain using formu-
las (4), (11), and (13) and notation ha= ¢

= g%othq) _1
For the case when h? < 0, we obtain using notation

= a1

(14)

(15)

Formula (15) can befulfilled at 0 < x < 11, in which
case n > 1. When x approaches zero, n approaches
unity. When x approaches 1, the efficiency factor
becomes infinite, which cannot be realized in practice.

Let us apply the above approach [1] to a reaction
occurring via several independent stoichiometric equa-
tions. If their number isn (n < m), then the rates of for-
mation of n key substances should be known. The rates
of formation of other substances can be expressed in
terms of the rates of formation of the key substances.
The efficiency factors for different key substances are
not the same. It is necessary to find the efficiency fac-
tors for al key substances and then to determine the
efficiency factors for other substances.

By analogy to [1], for each key substance we take
into account only linear terms with respect to the con-
centrations of m substances when expanding the rates
of formation into the series. Formula (3) will be
replaced in that case by the formulas for each of the n
key substances:

— (Gl (16)

m @W
= (w, bl
Wl (Wj)a + iZIQCiDa[C
Assuming that the amount of substance formed is
equal to the respective diffusion flow, we obtain the for-

mulas analogous to (4) for each of the reaction partici-
pants:

r

—4Tr D*dC I4nr w,dr. (17)

Let us assume that the efficient diffusion coeffi-
cients of substances are independent of r. Then, the dif-
ferentiation of Eq. (17) over r gives the differential
equations for all m reaction participants, including n
key substances:

dC 2dC w;

dr rdr x = 0.

(18)

These can be solved in elementary functionsif w; is
alinear function of C,.
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For the general case, we obtain an approximate sol u-
tion. Using formulas (13) and (17) we obtain upon the
substitution of the upper limit of integration r = a that

—4T1a D*UJI 'D = ‘—1Tra3(wi)ar]i.

It followsfrom (19) that near the grain surface (r (a)

DEMW)ay e _(cy.l.

(@ = iy, 20

To allow w; to be linear functions of C;, we assume
that Eq. (20) is correct for arbitrary distance from the
center of the catalyst grain. The closer the efficiency
factors of B; and B; to unity, the more exact Eq. (20) is.

Upon the substitution of (20) into (16), we obtain
the formula analogous to (7)
w, = (w),—Df hiz[ci

—(C).l, 1)

where

e TN s LOR T

Now w; in Eq. (18) becomes alinear function of one
variable C,. For boundary conditions (10), the solution
to Eq. (18) isdetermined by formula(11) or (12) where
(W), substitutes for bw,. For the efficiency factors of
substances n;, formulas (14) and (15) remain valid.
However, according to Eq. (22), each h; isafunction of
m unknowns n;. The number of such unknowns can be
reduced to n if the efficiency factors for non-key sub-
stances are expressed in terms of the efficiency factors
for the key substances.

Therates of formation of non-key substances can be
described in the form of a linear combination of the
rates of formation of key substances:

Wiy = byjwy +byw, + ...+ by w, (23)
wherej changes from 1 to m- n. Upon multiplying the
right-hand and left-hand sides of this equation by
41r’dr and integrating from O to a, we obtain

nn+j(Wn+j)a

(24)
= byjnay(wy), + byna(wy), + ...

+ bnj n n(Wn)a-

By substituting (24) into (22) and multiplying the
right-hand and left-hand sides by a> we obtain the sys-
tem
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hia® = -a %111 + a21_ oot anlgr%
ha? = —a2lh,0d +ay,+ ... +a ]
2 12 ) 22 n2 p (25)
n n
h’a® = —a %\m L aZr,n2 + an,%.

The coefficients a, are determined from the preset
kinetic equations using the formula

A = (W), [@WD
M (W), D* Q)CQ]

The system includes unknowns (h,a)?, (h,a)%, ...,
(h,@?andn,, N, ..., Ny, and each n; isafunction of ha
(formulas (14), (15)). Thus, system (25) consists of n
equations with n unknowns and it can be solved by
inspection as in the example below wheren = 2.

The method for estimating the efficiency factors
described above was applied to the reaction of steam
reforming of methane using data presented in [2, 3]. In
those papers, the reaction kinetics were studied on sup-
ported nickel catalyst in a flow-type system at a pres-
sure of 3-15 bar and 500, 525, and 550°C. The equa-
tions for the rates of formation of all substancesin the
kinetics-controlled regime were proposed. These
included the numeric values of the rate constants.

For the catalyst used with grain sizes of 0.18—
0.25mm [2, 3] or 0.3-0.4 mm [3], the distribution of
pores [4] over radii and the tortuosity coefficient are
known. This makes it possible to calculate the effective
diffusion coefficientsin the catalyst under reaction con-
ditions. Thus, available data are sufficient for estimat-
ing the efficiency factors for all substances for the pro-
posed kinetic model. According to this model, methane
and water form CO and CO, via independent routes,
and H, and CO, are formed from CO and H,O. Thefol-
lowing equations were derived:

_ Ky PCHAPHZO(l - X1)

-n
bki D6W| |:|
. (26
D:+iuacn+iDa (20)

r Q27)
! PY?(DEN)?
KPPy (1= X
(= 2P co HZO( ' 2), (28)
Py,(DEN)
KoPey P2 o(1 =X
[y = 3 CH;;Z HZO( _ 3) (29)
P/’(DEN)
P
(DEN) = 1+Ky0 P, +KCH4PCH4 30)

+KeoPco + Ki, P,



830

where r; and r; are the rates of formation of CO and
CO, from methane and water and r, is the rate of for-
mation of CO, and H, from CO and H,0,

3
1 PcoPh

X, = ——7+, (3D
! Ka PCH4PH20
1 Pco,Pu

X, = ——2 2 (32)
2 K(Z)PCOPHZO
1 Pco Pﬁ

Xy = i il (33)

= — 2,
K Pcn,Phjo

Ky Koy, K, are the equilibrium constants of the reac-
tions

CH, +H,0 = CO+ 3H,, (34)
CO+H,0 = CO,+H,, (35)
CH, +2H,0 = CO, + 4H,. (36)

The goal of thiswork was to obtain the estimates of
efficiency factors using the method described above
and the kinetic model proposed in [2] and compare
them with those obtained by numerically solving the set
of differential equations (18).

For the numeric calculation, we made a computer
program using a set of differential equations of Fick’s
law for each component (isothermal grain and
neglected external mass transfer). The coefficients of
molecular diffusion are calculated from the composi-
tion of the mixture near the catalyst grain surface and
are assumed constant in the depth of agrain. The effec-
tive diffusion coefficients of reactantsin agrain are cal-
culated from the known relations that take into account
the molecular and Knudsen components of diffusion as
well as by their averaging over the distribution of pore
volumes over radii. The assumption that the diffusion
coefficients are constant over grain radii makes it pos-
sible to use the well-known relationship of “diffusional
stoichiometry” and to simplify calculations (the num-
ber of differential equationsto be solved is equal to the
number of key substances). This assumption is usually
alowable.

Such an approach to calculating the internal diffu-
sion is used in the literature rather widely. The algo-
rithm for an arbitrary complex heterogeneous catalytic
reaction was presented in [5].

The values of the rate constantsfor 550°C borrowed
from [2] are presented below:

k,=2.41 mol bar'?h-! g1,

k,= 107 mol bar'h! g,

k;=0.334 mol bar'?h!g-!,

Keo = 2.52 bar !,

Ky, =1.12 x 103 bar!,

KCH4 = 0179 bar_l,
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KHZO = 0.415,
K(z) = 3.534,

K = 0.2939 bar2.

Let usfirst choose CH, and CO as key substances.
As will be seen from the subsequent discussion below
this pair provides the least deviation of approximate
efficiency factors from the exact ones.

The rates of formation of key substances is deter-
mined by the formulas

Wey, = 37)
(38)

The rates of formation of other substances can be
expressed viathe rates of formation of key substances:

—Ty—T3,

Weo = 1 —T5.

Wh,0 = 2Wcy, + Weo, (39)
Wy, = —4Wcyy, —Weo, (40)
Weo, = —Wen, —Weo- 41)

Using formulas (24), (25), and (39)—<41), we obtain
20 1

héH a’ = -a 0= U)WCH‘D + 3 EpWCH‘D
4 DDCHAQCCH‘;Da DHZOQCHZ(J:LI

__il_maWCHD 1 r9Wen
D, HoCy, U, DE, OCoH,

+|:_:|___|j3WCHE| + 1 [?WCHE
D’c(oDaCCODa DﬁzomCHzODa

_iﬁ)WCHD 1 OWen i|(WCO)a Neo U
D, HoCy, U, DE, BOCoH, J(Wen,) New,

(42)

D 1 @chj 1 DaWCOD
h2 a2 = Al +
co DDéo@CCODa DEZOQCHZODa

1 OWeqy 1 [PWeor
D, L0CyH, DE,9CxL,

+[ 1 PWeon , _2 [PWoo[
DéH‘t |$CCH4E|¢’:I Dt‘zo @CHZOD&I

(43)

_igawcdj 1 |:ch0|:| :|(WCH4)anCH4 4
D;:ZEBCHZDa D’éozmaccozma (Weo)a Neo [

The effective diffusion coefficients were calculated
using the Fuller-Schettler-Gidding formula [6] for
binary diffusion coefficients. To calculate the coeffi-
cients of molecular diffusion of gaseous mixture,
Knudsen diffusion coefficients, and the effective diffu-
sion coefficients, we used formulas taken from [7]. The
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distribution of pores over radii and the tortuosity coef-
ficientsfor agiven catalyst were taken from [4].

The efficiency factors were calculated for the spher-
ical grains of the catalyst with radii a = 0.108 and
0.175 mm. The first of these radii corresponds to the
average size of particles (0.18-0.25) mm used in [2],
and the second correspondsto grainswith asize of 0.3—
0.4 mm, on which some of the experiments were car-
ried out in [3].

Table 1 shows the partial pressures of substances P,
(for atotal pressure of 3 bar), the rates of their forma-
tion (w), at 550°C, the derivatives (dw;/0C)), calcul ated
using formulas (27)—(30) with the above constants, and
the values of the effective diffusion coefficients of sub-
stances inside the catalyst grain calculated for these
conditions.

The substitution of the rates of substance formation,
their derivatives, and the effective diffusion coefficients
into (42) and (43) at a = 0.108 mm leads to the equa-
tions

haw,@” = 15738+ 1.1377% (44)

CH,

Nch,

hZ.a’ = 19.8860 —2.1418 (45)

Nco

It was found by inspection that Neo/New, = 0.6371,
Ocn, = Jhen@ = 15163, dgo = 4.0656, Ney, =

0.8741, neo = 0.55707. Table 2 shows the approximate
values of efficiency factors calculated assuming differ-
ent key substances and the values of the efficiency fac-
torsfor all substances obtained by numeric simulations
of the set of differential equations. If CH, and CO are
chosen to be the key factors approximate values are
close to the exact ones.

The difference between the values of the efficiency
factors for CO and CO, is notable. This is due to the

high value of the term containing D%, in formula (43).

A high concentration of CO inside the catayst grain
leads to a drastic increase in the rate of CO, formation
from CO.

For another pair of key substances (CO, and
CH,), therate of their formation is determined by the
formulas

Wep, = 11— T3, (46)

Weo, = I3+ T 47)

For other substances

Weo = —Wen, —Weo,: (43)
Wh,0 = Wen, —Weo,s (49)
Wh, = —3Wey, + Weo,. (50)

Table 1. The partial pressure, the rates of formation, their derivatives with respect to the concentrations, and the effective

diffusion coefficients

Parameter CH, H,0 H, CO, co
P, bar 0.3355 1.869 0.7344 0.0541 0.007237
D] x 10°, m°/s 0.192 0.237 0.523 0.134 0.164
(W)a, mol m3 st -510.83 ~685.23 1706.9 174.40 336.43
(PWong,
-102.72 —6.2934 91.704 8.0116 285.80
O aC, Da
Wh,ay
L2 ~129.02 -18.889 143.44 265.24 -1927.7
0ac, O,
Wi
334.45 31.476 -326.85 —281.26 1356.1
Oac, O,
(PWeor,
26.30 12.596 -51.738 ~257.23 22135
O aC, Da
W,
PWear 76.42 -6.3023 -39.966 249.22 ~2499.2
O aC, Da
KINETICS AND CATALYSIS Vol. 44 No. 6 2003
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Then, we obtain

2l 1 ﬁaWCHD

g D 1 [?WCHE

wCCH‘t a DH OH)(:HZJ:|

3 g’WcHD 1 ﬁ)WCHD
D* DaCH D’éoEBCcoDa

2 2 _
hew,@ =

D)

1 maWCHD 1 9Wenp }(Wcoz) allco, U
Dco D)Cco a DcoDaCco ad(Wen,) New, O

2 azg 1 9Weo 1 fWeoy

DDCO IJ)C:Coz a DEZO@CHzoDa

o L PWoony 1 fWeop
Dﬁz DaCHz Da DéoEBCCODa

+[ 1 9Weo L1 PWeog
D&, PCenl,  Df00Ch,d7,

hco2

(52)

3 maWcoE
D DaCH

1 PWeo }(WCH) aNen, U
DCQEBCCO 2 (Weo,)Neo, O

Upon substitution of the values of the rates of for-
mation of substances and their derivatives with respect
to the concentrations at r = a, and a = 0.108 mm into
(51) and (52), we obtain

hau,a” = 3.3012- 0.58981°% (53)
CH,

hao,@ = 18.1593 — 44,4480 (54)
Yco,

We obtain by inspection that ¢y, = 1.4747 and

XCOZ = '_h(zjozaz = 2.2609.

KUCHAEV et al.

For the pair of key substances CO and CO,, anao-
gous reasoning leads to the formulas

h2oal = 18.4754—0.73120%%, (55)
CcO

h2oa? = 2.9844 — 29273912 (56)
co,

As mentioned above, the best agreement with exact
valuesis achieved when methane and CO are chosen as
key substances. It followsfrom comparison of Egs. (43)
and (45) obtained for this pair of key substances with
Egs. (53)—(56) that the approximate value is closer to
the exact one if the value of the term that includes the
ratio of the efficiency factor islow. The estimate of the
approximation error will be considered in the next pub-
lication.

Table 2 also shows the approximate values of the
efficiency factors of substancesfor a=0.175 mm when
choosing CH, and CO as key substances. It is seen that
approximate values are close to exact if grainsare larger.

Thus, the approximate method for calculating the
efficiency factors for the substances in the reaction
occurring via two stoichiometric equations gave the
values that are about the same as those obtained using
an exact solution to the set of differential equations (18).
Note that this conclusion also refers to the case when
the efficiency factors for some substances differ sub-
stantialy from unity and from each other and when the
notion of efficiency factor for a reaction makes no
sense. When thereaction is controlled by internal diffu-
sion, the reaction selectivity may change and this
change will be described well by an approximate solu-
tion.

The above discussion assumed that the effective dif-
fusion coefficients are constant over the grain. The
numeric simulations showed that evenat a=0.175 mm,
the effective diffusion coefficients in the center of the
grain and on the surface differ by at most 2%, and the
above assumption is correct.

Based on their experimental data, the authors of [2]
believed that on the catalyst grains with sizes ranging
from 0.18 to 0.25 mm (the average radiusis 0.108 mm)

Table 2. Exact and approximate values of the efficiency factors of substances

a, mm Calculation i
CH, CcoO CO, H,O H,
0.108 Exact 0.88375 0.56981 1.4894 1.0379 0.94563
From CH,, CO 0.87414 0.55707 1.4858 1.0298 0.93664
From CH,, CO, 0.87979 0.46470 1.6805 1.0836 0.96161
From CO, CO, 1.0139 0.56285 1.8839 1.2553 1.1028
0.175 Exact 0.77365 0.41378 1.4679 0.95035 0.84459
From CH,, CO 0.75191 0.39367 1.4430 0.92780 0.82252
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the reaction occurred without internal diffusion control.
As concernsthe rate of methane consumption, this con-
clusion is consistent with our calculations (Table 2).
The calculated value of the efficiency factor for meth-
ane at a =0.108 mm (n = 0.88) israther close to unity.
The difference from unity can barely be found experi-
mentally in [2]. With an increase in the size of catalyst
grainsto a = 0.175 mm, one should take into account a
noticeable decrease in the efficiency factor of methane
formation.

As concerns CO, and CO, our calculation shows
that even at a = 0.108 mm the rates of formation of
these substances may drastically change. It follows
from Table 2 that 34% CO, and 66% CO are formed in
thekinetic regime. Dueto internal diffusion limitations,
the composition of the reaction mixture should change
to 58% CO, and 42% CO.

Note, however, that in papers [2, 3] the CO,/CO
concentration ratio in the reaction mixture formed is
even higher. In our opinion, this shows that the corre-
sponding change in the rate constants in Egs. (27)—(29)
is needed.

The error in determining the efficiency factors by
the approximate solution depends on the kinetics of
reactions and on the values of the efficiency factors
found. The closer the efficiency factors of substancesto
unity, the more accurate the results of approximate cal-
culation.
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M.I. Temkin [1] showed that for some specific cases
when the reaction occurs via a single stoichiometric
equation, the approximate solution gives rather accu-
rate values of efficiency factors. This was also done by
comparing with the exact solutions. Further develop-
ment of the Temkin method is needed to have amethod
for estimating the error of approximate solution when a
reaction occurs via either a single or several stoichio-
metric equations.

The question of determining the errorsin estimating
the efficiency factors will be discussed in our next
paper.
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