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Temkin [1] proposed a simple method for estimat-
ing the efficiency factor for a porous heterogeneous cat-
alyst for the case when the reaction occurs via a single
stoichiometric equation. The goal of this work is to
extend the method to reactions described by several
independent stoichiometric equations.

According to [1], the stoichiometric equation can be
described in the form

 

(1)

 

where B

 

i

 

 are the substances participating in the reac-
tion; 

 

b

 

i

 

 are the stoichiometric coefficients, which are
positive for the products and negative for the initial sub-
stances; and 

 

m

 

 is the number of substances participat-
ing in the reaction.

The rate of such a reaction 

 

w

 

 is positive in the
absence of diffusion control, and the rate of formation
of each substance participating in the reaction is
described by the formula

 

(2)

 

The values of 

 

w

 

i

 

 are negative for the initial sub-
stances and positive for the products. The reaction rate
refers to the unit volume of the catalyst grain. The fol-
lowing assumptions were made when carrying out cal-
culations: (1) the effective coefficient of diffusion of
each reaction participant does not change over the cat-
alyst grain and (2) the catalyst grains are spherical with
the same radius 

 

a

 

.

To determine the efficiency factor, one should know
the dependence of the reaction rate on the concentra-
tions of reaction participants. In [1], the problem was
solved using an approximation that the reaction rate
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inside the grain linearly depends on the concentration
of all components of the reaction mixture:
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 are the reaction rate and the concentra-
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 at a certain distance from the center of the
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, and 

 

 

 

are the values of the

reaction rate, the concentration of B

 

i

 

, and the derivative

 at 

 

r

 

 = 

 

a

 

, that is on the grain surface. (Henceforth,

subscript 

 

a

 

 means that the value refers to the case of 

 

r

 

equal to 

 

a

 

.)
Formula (3) is approximate because it does not

include further terms of expansion in a series of 

 

w

 

 over
powers of
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].

 

 The closer the efficiency factor to
unity, the more accurate the estimate.

The diffusion flow of any substance through the
sphere with radius 

 

r

 

 in the catalyst grain is equal to the
amount of substance formed inside the sphere. Taking
into account Eq. (2), we obtain

 

(4)

 

where 

 

 

 

is the effective diffusion coefficient of B

 

i

 

 in
the catalyst grain and 

 

r

 

 is the distance from the grain
center. The flow is negative for initial substances and
positive for the products.

It follows from (4) that, with a change in the radius
from 
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 to 
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 + 
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(5)

 

Equation (5) was called diffusional stoichiometry
[1] and it is correct for any 

 

r

 

 

 

≤

 

 

 

a

 

. This equation can be
integrated:

 

(6)

 

Upon substitution of Eq. (6) into Eq. (3), we obtain

 

(7)

 

where

 

(8)

 

The minus sign in Eq. (8) is necessary for the condi-
tion 

 

h

 

2

 

 > 0 (this condition is fulfilled if the reaction rate
inside the grain is lower than on the grain surface).

The differentiation of (4) over 

 

r

 

 gives us equations
for the concentration of each reaction participant:

 

(9)

 

The boundary conditions are

 

C

 

i

 

 = (

 

C

 

i

 

)

 

a

 

 at 

 

r

 

 = 

 

a

 

 and 

 

 = 0

 

 at 

 

r

 

 = 0. (10)

This equation is solved in elementary functions if w
is a linear function of Ci (Eq. (7)). A solution that ful-
fills boundary conditions (10) at h2 > 0 is

(11)

and at h2 < 0,

. (12)

An efficiency factor for substance Bi is the ratio of
the average rate of formation of this substance in a grain
to the rate of formation in the absence of diffusion con-
trol. The following formula corresponds to this defini-
tion:

(13)
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If the reaction occurs via a single stoichiometric
equation, the efficiency factor for a substance coincides
with the standard efficiency factor.

For the case when h2 > 0 we obtain using formu-
las (4), (11), and (13) and notation ha = ϕ

. (14)

For the case when h2 < 0, we obtain using notation

χ = a

(15)

Formula (15) can be fulfilled at 0 < χ < π, in which
case η > 1. When χ approaches zero, η approaches
unity. When χ approaches π, the efficiency factor
becomes infinite, which cannot be realized in practice.

Let us apply the above approach [1] to a reaction
occurring via several independent stoichiometric equa-
tions. If their number is n (n < m), then the rates of for-
mation of n key substances should be known. The rates
of formation of other substances can be expressed in
terms of the rates of formation of the key substances.
The efficiency factors for different key substances are
not the same. It is necessary to find the efficiency fac-
tors for all key substances and then to determine the
efficiency factors for other substances.

By analogy to [1], for each key substance we take
into account only linear terms with respect to the con-
centrations of m substances when expanding the rates
of formation into the series. Formula (3) will be
replaced in that case by the formulas for each of the n
key substances:

(16)

Assuming that the amount of substance formed is
equal to the respective diffusion flow, we obtain the for-
mulas analogous to (4) for each of the reaction partici-
pants:

(17)

Let us assume that the efficient diffusion coeffi-
cients of substances are independent of r. Then, the dif-
ferentiation of Eq. (17) over r gives the differential
equations for all m reaction participants, including n
key substances:

(18)

These can be solved in elementary functions if wi is
a linear function of Ci.
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For the general case, we obtain an approximate solu-
tion. Using formulas (13) and (17) we obtain upon the
substitution of the upper limit of integration r = a that

(19)

It follows from (19) that near the grain surface (r ≅  a)

(20)

To allow wi to be linear functions of Ci, we assume
that Eq. (20) is correct for arbitrary distance from the
center of the catalyst grain. The closer the efficiency
factors of Bi and Bj to unity, the more exact Eq. (20) is.

Upon the substitution of (20) into (16), we obtain
the formula analogous to (7)

(21)

where

(22)

Now wi in Eq. (18) becomes a linear function of one
variable Ci. For boundary conditions (10), the solution
to Eq. (18) is determined by formula (11) or (12) where
(wi)a substitutes for biwa. For the efficiency factors of
substances ηi, formulas (14) and (15) remain valid.
However, according to Eq. (22), each hi is a function of
m unknowns ηi. The number of such unknowns can be
reduced to n if the efficiency factors for non-key sub-
stances are expressed in terms of the efficiency factors
for the key substances.

The rates of formation of non-key substances can be
described in the form of a linear combination of the
rates of formation of key substances:

(23)

where j changes from 1 to m – n. Upon multiplying the
right-hand and left-hand sides of this equation by
4πr2dr and integrating from 0 to a, we obtain

(24)

By substituting (24) into (22) and multiplying the
right-hand and left-hand sides by a2 we obtain the sys-
tem
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The coefficients 
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kl

 

 are determined from the preset
kinetic equations using the formula
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 is a function of 
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(formulas (14), (15)). Thus, system (25) consists of 

 

n

 

equations with 

 

n

 

 unknowns and it can be solved by
inspection as in the example below where 

 

n

 

 = 2.
The method for estimating the efficiency factors

described above was applied to the reaction of steam
reforming of methane using data presented in [2, 3]. In
those papers, the reaction kinetics were studied on sup-
ported nickel catalyst in a flow-type system at a pres-
sure of 3–15 bar and 500, 525, and 

 

550°

 

C. The equa-
tions for the rates of formation of all substances in the
kinetics-controlled regime were proposed. These
included the numeric values of the rate constants.

For the catalyst used with grain sizes of 0.18–
0.25 mm [2, 3] or 0.3–0.4 mm [3], the distribution of
pores [4] over radii and the tortuosity coefficient are
known. This makes it possible to calculate the effective
diffusion coefficients in the catalyst under reaction con-
ditions. Thus, available data are sufficient for estimat-
ing the efficiency factors for all substances for the pro-
posed kinetic model. According to this model, methane
and water form CO and CO

 

2

 

 via independent routes,
and H

 

2

 

 and CO

 

2

 

 are formed from CO and H

 

2

 

O. The fol-
lowing equations were derived:
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where r1 and r3 are the rates of formation of CO and
CO2 from methane and water and r2 is the rate of for-
mation of CO2 and H2 from CO and H2O,

(31)

(32)

(33)

K(1), K(2), K(3) are the equilibrium constants of the reac-
tions

(34)

(35)

(36)

The goal of this work was to obtain the estimates of
efficiency factors using the method described above
and the kinetic model proposed in [2] and compare
them with those obtained by numerically solving the set
of differential equations (18).

For the numeric calculation, we made a computer
program using a set of differential equations of Fick’s
law for each component (isothermal grain and
neglected external mass transfer). The coefficients of
molecular diffusion are calculated from the composi-
tion of the mixture near the catalyst grain surface and
are assumed constant in the depth of a grain. The effec-
tive diffusion coefficients of reactants in a grain are cal-
culated from the known relations that take into account
the molecular and Knudsen components of diffusion as
well as by their averaging over the distribution of pore
volumes over radii. The assumption that the diffusion
coefficients are constant over grain radii makes it pos-
sible to use the well-known relationship of “diffusional
stoichiometry” and to simplify calculations (the num-
ber of differential equations to be solved is equal to the
number of key substances). This assumption is usually
allowable.

Such an approach to calculating the internal diffu-
sion is used in the literature rather widely. The algo-
rithm for an arbitrary complex heterogeneous catalytic
reaction was presented in [5].

The values of the rate constants for 550°C borrowed
from [2] are presented below:

k1 = 2.41 mol bar1/2 h–1 g–1,
k2 = 107 mol bar–1 h–1 g–1,
k3 = 0.334 mol bar1/2 h–1 g–1,
KCO = 2.52 bar–1,

 = 1.12 × 10–3 bar–1,

 = 0.179 bar–1, 
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 = 0.415,

K(1) = 0.08317 bar2,
K(2) = 3.534,
K(3) = 0.2939 bar2.
Let us first choose CH4 and CO as key substances.

As will be seen from the subsequent discussion below
this pair provides the least deviation of approximate
efficiency factors from the exact ones.

The rates of formation of key substances is deter-
mined by the formulas
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distribution of pores over radii and the tortuosity coef-
ficients for a given catalyst were taken from [4].

The efficiency factors were calculated for the spher-
ical grains of the catalyst with radii a = 0.108 and
0.175 mm. The first of these radii corresponds to the
average size of particles (0.18–0.25) mm used in [2],
and the second corresponds to grains with a size of 0.3–
0.4 mm, on which some of the experiments were car-
ried out in [3].

Table 1 shows the partial pressures of substances Pi
(for a total pressure of 3 bar), the rates of their forma-
tion (wi)a at 550°C, the derivatives (∂wi /∂Cj)a calculated
using formulas (27)–(30) with the above constants, and
the values of the effective diffusion coefficients of sub-
stances inside the catalyst grain calculated for these
conditions.

The substitution of the rates of substance formation,
their derivatives, and the effective diffusion coefficients
into (42) and (43) at a = 0.108 mm leads to the equa-
tions

(44)

(45)
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0.8741, ηCO = 0.55707. Table 2 shows the approximate
values of efficiency factors calculated assuming differ-
ent key substances and the values of the efficiency fac-
tors for all substances obtained by numeric simulations
of the set of differential equations. If CH4 and CO are
chosen to be the key factors approximate values are
close to the exact ones.
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factors for CO and CO2 is notable. This is due to the
high value of the term containing  in formula (43).
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leads to a drastic increase in the rate of CO2 formation
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Table 1.  The partial pressure, the rates of formation, their derivatives with respect to the concentrations, and the effective
diffusion coefficients

Parameter CH4 H2O H2 CO2 CO

P, bar 0.3355 1.869 0.7344 0.0541 0.007237
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Then, we obtain

(51)

(52)

Upon substitution of the values of the rates of for-
mation of substances and their derivatives with respect
to the concentrations at r = a, and a = 0.108 mm into
(51) and (52), we obtain
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For the pair of key substances CO and CO2, analo-
gous reasoning leads to the formulas

(55)

(56)

As mentioned above, the best agreement with exact
values is achieved when methane and CO are chosen as
key substances. It follows from comparison of Eqs. (43)
and (45) obtained for this pair of key substances with
Eqs. (53)–(56) that the approximate value is closer to
the exact one if the value of the term that includes the
ratio of the efficiency factor is low. The estimate of the
approximation error will be considered in the next pub-
lication.

Table 2 also shows the approximate values of the
efficiency factors of substances for a = 0.175 mm when
choosing CH4 and CO as key substances. It is seen that
approximate values are close to exact if grains are larger.

Thus, the approximate method for calculating the
efficiency factors for the substances in the reaction
occurring via two stoichiometric equations gave the
values that are about the same as those obtained using
an exact solution to the set of differential equations (18).
Note that this conclusion also refers to the case when
the efficiency factors for some substances differ sub-
stantially from unity and from each other and when the
notion of efficiency factor for a reaction makes no
sense. When the reaction is controlled by internal diffu-
sion, the reaction selectivity may change and this
change will be described well by an approximate solu-
tion.

The above discussion assumed that the effective dif-
fusion coefficients are constant over the grain. The
numeric simulations showed that even at a = 0.175 mm,
the effective diffusion coefficients in the center of the
grain and on the surface differ by at most 2%, and the
above assumption is correct.

Based on their experimental data, the authors of [2]
believed that on the catalyst grains with sizes ranging
from 0.18 to 0.25 mm (the average radius is 0.108 mm)

hCO
2 a2 18.4754 0.7312

ηCO2

ηCO
----------,–=

hCO2

2 a2 2.9844 29.2739
ηCO

ηCO2

----------.–=

Table 2.  Exact and approximate values of the efficiency factors of substances

a, mm Calculation
ηi

CH4 CO CO2 H2O H2

0.108 Exact 0.88375 0.56981 1.4894 1.0379 0.94563

From CH4, CO 0.87414 0.55707 1.4858 1.0298 0.93664

From CH4, CO2 0.87979 0.46470 1.6805 1.0836 0.96161

From CO, CO2 1.0139 0.56285 1.8839 1.2553 1.1028

0.175 Exact 0.77365 0.41378 1.4679 0.95035 0.84459

From CH4, CO 0.75191 0.39367 1.4430 0.92780 0.82252
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the reaction occurred without internal diffusion control.
As concerns the rate of methane consumption, this con-
clusion is consistent with our calculations (Table 2).
The calculated value of the efficiency factor for meth-
ane at a = 0.108 mm (η = 0.88) is rather close to unity.
The difference from unity can barely be found experi-
mentally in [2]. With an increase in the size of catalyst
grains to a = 0.175 mm, one should take into account a
noticeable decrease in the efficiency factor of methane
formation.

As concerns CO2 and CO, our calculation shows
that even at a = 0.108 mm the rates of formation of
these substances may drastically change. It follows
from Table 2 that 34% CO2 and 66% CO are formed in
the kinetic regime. Due to internal diffusion limitations,
the composition of the reaction mixture should change
to 58% CO2 and 42% CO.

Note, however, that in papers [2, 3] the CO2/CO
concentration ratio in the reaction mixture formed is
even higher. In our opinion, this shows that the corre-
sponding change in the rate constants in Eqs. (27)–(29)
is needed.

The error in determining the efficiency factors by
the approximate solution depends on the kinetics of
reactions and on the values of the efficiency factors
found. The closer the efficiency factors of substances to
unity, the more accurate the results of approximate cal-
culation.

M.I. Temkin [1] showed that for some specific cases
when the reaction occurs via a single stoichiometric
equation, the approximate solution gives rather accu-
rate values of efficiency factors. This was also done by
comparing with the exact solutions. Further develop-
ment of the Temkin method is needed to have a method
for estimating the error of approximate solution when a
reaction occurs via either a single or several stoichio-
metric equations.

The question of determining the errors in estimating
the efficiency factors will be discussed in our next
paper.
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